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D is called distance set. The vertex arboricity va(G) of a graph G is the minimum number
of subsets into which vertex set V(G) can be partitioned so that each subset induces an
acyclic subgraph. In this paper, the vertex arboricity of graphs G(Z, Dy, ;) are studied, where
Dmyx = {1,2,...,m} \ {k}. In particular, va(G(Dp,1)) = r#] for any integer m > 5;

Keywords:

Integer distance graph va(G(Dp2)) = [M1 1+ 1form =81+j> 6andj#7,and [2]+1 < va(G(Dm2)) < [2]1+2
Vertex arboricity form=81+7.
Tree coloring © 2008 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, R and Z denote the sets of all real numbers and all integers, respectively. For x € R, | x| denotes the greatest
integer not exceeding x; [x] denotes the least integer not less than x; we use [m, n] for the set of the integers from m to n
(m < n)and [m, n] = @ if m > n. |S| denotes the cardinality of a set S (|S| = +oco means that S is an infinite set).

Coloring in graphs has been one of the most fascinating and well-studied topics in graph theory. Its root goes back to
the Four Color Conjecture and more recently, it was motivated by such application problems as the frequency assignment
problem (i.e., L(2, 1)-labeling), the control of traffic signals (i.e., circular coloring) and other problems from wide range of
industrial areas. A vertex-coloring (or edge-coloring) can be viewed as a function from V (or E) to Z. More precisely, a k-
coloring of a graph G is a mapping f from V(G) to [1, k]. Given a k-coloring, let V; denote the set of all vertices of G colored
with i, and (V;) denote the subgraph induced by V; in G. If V; is an independent set for every 1 < i < k, then f is called a
proper k-coloring. The chromatic number x(G) of a graph G is the minimum integer k for which G has a proper k-coloring. If V;
induces a subgraph whose connected components are trees, then f is called a tree k-coloring. The vertex arboricity of a graph
G, denoted by va(G), is the minimum integer k for which G has a tree k-coloring. In other words, the vertex arboricity va(G) of
a graph G is the minimum number of subsets into which the vertex set V(G) can be partitioned so that each subset induces
an acyclic subgraph. If V; induces a subgraph whose connected components are paths, then f is called a path k-coloring. The
vertex linear arboricity of a graph G, denoted by vla(G), is the minimum number k for which G has a path k-coloring. Clearly,
X(G) > vla(G) > va(G) for any graph G.

Since the introduction of vertex arboricity, it has been investigated widely by many researchers for various properties and
its links to other graphic parameters. For instance, Kronk et al. [7] proved that va(G) < [%] for any graph G. Catlin and

Lai [2] showed that when G is a graph that is neither a cycle nor a clique, va(G) < f@}. Skrekovski [9] proved that locally
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planar graphs have the vertex arboricity at most 3 and that triangle-free locally planar graphs have the vertex arboricity at
most 2. Jergensen [4] studied K4 4-minor free graphs and showed that the vertex arboricity is at most 4. In this paper, we
study the vertex arboricity of a family of infinite graphs, integer distance graphs, and determine the exact value va(G) of
such graphs.

Let S be a subset of all real numbers and D a set of positive real numbers. Then distance graph G(S, D) has the vertex set S
and two real numbers x and y are adjacent if and only if |x — y| € D, where the set D is called distance set. In particular, if all
elements of D are positive integers and S = Z, the graph G(Z, D), or G(D) in short, is called integer distance graph. The distance
graphs were introduced by Eggleton et al. [3] in 1985 to study the chromatic number. They proved that x(G(R, D)) = n+ 2,
where D is an interval between 1 and 4, and n satisfies 1 < n < § < n + 1. They also partially determined the values of
X(G(Dmx)), where Dy, . = [1, m] \ {k}. The complete solution to x(G(Dy,«)) is provided by Chang, Liu and Zhu in [1]. In [11,
12], Zuo et al. examined the vertex linear arboricity of the distance graph G(R, D) with an interval D and the integer distance
graph G(D,, ), respectively. In [13], Zuo, Yu and Wu studied that the vertex arboricity of the distance graph G(R, D) with
an interval D. The interested reader is referred to [3,5,6,8,10-13] for more details. More recently, integer distance graphs
have found applications in gene sequencing, sequential series, on-line computing, etc. and gained more attention for its
properties.

In this paper, we study the vertex arboricity of G(Dy, ) for D, , = [1, m] \ {k} and determine the exact values fork = 1, 2,
and also provide upper and lower bounds for general k.

2. Vertex arboricity of G(D,,,1)

Clearly, va(G(D)) = 1if |D| = 1.1f |D| > 2, then va(G(D)) > 2 since G(D) contains a cycle with vertices a, 2a, ..., ba, b(a —
1),...,b,0fora,b € Dand a # b. It is obvious that va(G(D;)) < va(G(D;)) if D,  Ds.

Lemma 2.1. (1) For any finite distance set D, va(G(D)) < [%] and the bound is sharp;
(2) For any positive integer k, va(G(D)) < k if there is at most one multiple of k in D.

Proof. (1) Let k = [%]. We color the vertices of G(D) recursively with colors [1, k] as follows. First, let f(0) = 1.
Assume that all f(j) are colored for some i and —i < j < i. Let A be the set of colors appearing twice in vertices of
i | =i <j<iandi+ 1—j € D}. Then |A] < L%J and we assign f(i + 1) to any value of [1, k] \ A (in fact, we
may choose f(i + 1) = minf{t | t € [1,k] \ A}). Similarly, let B be the set of colors appearing twice in vertices of
il -i<j<i+1and j+i+ 1 € D}. Then |B] < [%J So we assign f (—i — 1) to any value of [1, k] \ B (we may
choose f(—i— 1) = min{t | t € [1, k] \ B}).

ID|+1

Now we see f is a tree {T—‘—coloring. Otherwise, if there is a cycle induced by the vertices receiving the same color «,

then there exists an integer i such that f(i+ 1) € Aor f(—i — 1) € B, a contradiction. Hence, va (G(D)) < [%—‘

This bound is sharp. For example, for any positive integer m, let D = [1, m], then va(G(D)) < [”'7“1 = r%} and thus
va(G(D)) = f%l since vertices 0, 1, 2, ..., m induce a complete graph K, ;1.

(2) Let f(n) = n (mod k). Then the subgraph induced by vertices in {v | f(v) = i} is a forest for each i € [0, k — 1], that is, f
is a tree coloring. Thus va(G(D)) < k. O

Let D, = [1,m] \ {k} for any positive integers m, k with m > k. Before proceeding to the main results, we present a
lemma which is handy in the proofs of later theorems.

Lemma 2.2. For an integer distance graph G(D,, ;) and a fixed integer i, if ng > m + 2k + 1, then each of the following vertex
subsets

Vi ={i+sng,i+sng+k,i+sng+2k,i+sng+3k|s ez},

Vi ={i+sng,i+sng+1|sez},

k
v{’:{i+sn0,i+sn0+h],i+5n0+k|sez}

induces a forest.

Proof. We only deal with the first set and other cases can be proved similarly.

Clearly, the vertices i + sng, i + sng + k, i + sng + 2k, i + sng + 3k induce a path for any integer s. Since ny > m + 2k + 1, the
vertices i+ sng, i+sng+k and i+ sng + 2k are not adjacent to each of the vertices i+ (s+ 1)ng, i+ (s+ 1)ng+k, i+ (s+ 1)ng + 2k
and i + (s + 1)ng + 3k, and the vertex i + sng + 3k is not adjacent to each of the vertices i + (s + 1)ng + k, i + (s + 1)ng + 2k
and i+ (s + 1)ng + 3k. Hence the lemma holds. O

Next, we study vertex arboricity of G(D,, ) for case k = 1.

Theorem 2.1. For any integer m > 3, va(G(Dp,1)) = [™37.
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Fig. 1. Tree ["‘TH'\—coloring form=4q+1>5.
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Proof. For 3 < m < 4, by Lemma 2.1, va(G(D,,,1)) = 2. So we assume m > 5.
Firstly, we construct a tree coloring f in G(Dy, 1) as follows. Let | = r’”T”l Define f(4t+i) =t,for0 <t <land0 <i < 3;
and other vertices are colored periodically, that is, f(n + 4Is) = f(n) for all n, s € Z. By Lemma 2.2,

Vi = Ues[4Kl + 4t, 4kl + 4t + 3]

induces an acyclic subgraph for each 0 < t < . Thus f is a tree coloring of G(Dy,,1) and va(G(Dm,1)) < [’%31 (see Fig. 1).

Secondly, we show that va(G(Dp,,1)) > (’”TH}. Assume, to the contrary, G(Dy,,1) has a tree ("’Z]}-coloring f.Let Hbe a

subgraph of G(Dy,,1) induced by vertices [0, m + 2]. Then f is also a tree [7";1 1-coloring of H. Note that |[V(H)| = m + 3. There
are at least five vertices in H,say 0 < ag < a; < --- < ag < m + 2, receiving the same color .

Claiml.lfa3—a0 Sm,thenagzaz—i—l:a] +2=ap+ 3.

Clearly, aga,, agas, ajas € E(H) in this case. If a; — ap > 1, then apa; € E(H) and ag, a1, az induce a triangle (see Fig. 2), a
contradiction. So a; — ag = 1.If a — a; > 1, then aja, € E(H), o ag, az, a, a3 induce a cycle of length 4, a contradiction.
Hence a; — a; = 1. It is similar to see that a3 — a, = 1.

Claim 2. min{asz — ag, a4 — a;} > m.

Ifas —ap < m, by Claim 1, thenas = a + 1 = a; + 2 = ap + 3, and agpaz, apas, ajaz € E(H). Since a4 < m + 2 and
a, > 2, we have aya, € E(H). So ajas ¢ E(H) (otherwise, ag, as, ai, aq, a; form a cycle of length 5, a contradiction), that is,
as—a; =m+1,a43 = m+2,a; = 1, a3 = 3.Thus, asa4 € E(H) and then ag, a3, a3, a4 induce a cycle of length 4, a contradiction.
Therefore as — ag > m. Similarly, ay — a; > m.

Claim3.qp =0,a; =1,a3=m+ 1,a4 =m+2anda, € {2, m}.

Itis clearthatag = 0,a; = 1, a3 = m+1,a4 = m+2 and aya3 € E(H) by Claim 2. Next, we see that a, € {2, m}. Otherwise,
if 2 < a < m, then aya;, azas € E(H) and thus ay, az, a3 induce a triangle, a contradiction.

Without loss of generality, assume that a; = 2.

Claim 4. m = 2 (mod 4).

Otherwise, we have m + 3 # 1 (mod 4) and then there exists another color § used on five vertices 3 < by < by < --- <
by < m.Thus bgby, boby, bobs € E(H), i.e., bg, b2, by induce a triangle, a contradiction.

The last claim implies that except «, any other color is used on only four vertices in H, and these four vertices must be
consecutive. That is, vertices 3, 4, 5 and 6 receive one color, vertices 7, 8, 9 and 10 receive another color and so on.

Now we analyze the coloring of vertex m+4 of G(Dn,1). Suppose f(m+4) = B # «, then there exists |, where3 <1 < m-3,
such thatf(l) = f(I+ 1) = f(I+2) = f(I+ 3) = B.Since m + 4 and | are both adjacent to [+ 2, [+ 3, we see that [, [+ 2,4+ 3
and m + 4 induce a 4-cycle, a contradiction. So f(m + 4) = «. But, then vertices 2, m + 1, m + 4 and m + 2 induce a cycle of
length 4, a contradiction again.

Therefore va(G(Dp,1)) > [™2]. O

Next, we present an algorithm for finding a tree coloring of G(Dp,,1).
If m = 2, assign O to all vertices; if 3 < m < 4, assign 0 to vertices x, where x (mod 8) € [0, 3] and assign 1 to vertices y,

wherey (mod8) € [4,7].Form >5and ! = ["‘f‘}, we have the following algorithm.

Algorithm. A(m, 1). Foravertexx,ifx =4t+rfor0 <t <land 0 <r < 4, then x is colored with t (i.e., f(x) = t); otherwise,
x = 4Is + x' for some 0 < ¥’ < 4l and s € Z, then x is colored with f(x"). Continue this process until every vertex receives a
color.
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3. Vertex arboricity of G(D,,,>2)

In this section, we study va(G(Dy,x)) for the case k = 2. From Lemma 2.1, we have va(G(D3;)) = va(G(Ds3)) =
va(G(Ds )) = 2. So we assume m > 6.
We summarize the basic tactics used in the proof of the main result as three lemmas.

Lemma 3.1. Suppose there are three vertices by < b, < bs (b; € Z,i = 1, 2, 3) receiving the same color in G(Dy, ).

(1) if thereis a (b1, bz)-path in G(Dy2), then bs € {by + 2, by + 2} or b3 > by + (m + 1);
(2) if thereis a (bq, b3)-path in G(Dy, ;) and b3 — by < m, then b, € {b; + 2, b3 — 2};
(3) ifthereis a (by, b3)-path in G(Dy, 2), then by € {b — 2, b3 — 2} or by < b3 — (m+ 1).

Proof. (1) Otherwise, if b3 & {b1 + 2, b + 2} and b3 — by < m, then b1bs, bob3 € E(H) and thus (b1, b;)-path and two edges
bybs, bob3 form a cycle, a contradiction.
(2) and (3) can be proved similarly. O

Lemma 3.2. Let Hy and H; be subgraphs of G(D) induced by vertices [c, I] (c <, ¢, | € Z) and vertices [c+s, +s] (forany s € Z),
respectively. Then Hq has a tree n-coloring if and only if H, has a tree n-coloring.

Proof. Since ij € E(H1) (i,] € [c, I1) if and only if (s + i) (s +j) € E(H2), H; and H; are isomorphic and the conclusion follows.
O

For the convenience of arguments, we introduce a new term. If four vertices v, v+ 2, v + 4, v + 6 receive a color §, then
such a set {v, v+ 2, v + 4, v + 6} is called an F-type set associated with § and v and denoted by Vg,. If there is no confusion
arising, we often call it F-type set, in short.

Lemma 3.3. If Vg, is an F-type set associated with B and v, where jo < v < m — 2 for a fixed positive integer jo, then m +i & Vg,
foranyiwith5 <i<jo+ 4.

Proof. Assume, to the contrary, that m+i € Vg, for some i with5 < i < jo +4. Since v is adjacent to v+ 4 and v+ 6, by taking
by = v+4, b, = v+6and b3 = m+iinLemma 3.1(1), we have m+i = (v+6)+2 orm+i > v+4+(m+1) > m+jy,+5. However,
m+1i < m+jo+ 4 by hypothesis, thus we havem+i= (v+6) +2,i.e, m+i— (v+4) = 4.Sov(m+i), (v+4)(m—+1i) € E(H)
and then vertices v, v + 4 and m + i induce a triangle, a contradiction. O

Theorem 3.1. Let m = 81+ j > 6, where 0 < j < 8. Then

va(G(Dp,2)) = {mTHW +1 forj#7

and

[H +1<va(G(Dn2)) < [ﬂ +2 forj=17.

Proof. Firstly, we show the upper bound

[mT—H" +1 forj#7,
va(G(Dn2) < {1 -
[Z—‘ +2 forj=7.

We define a tree coloring of G(Dy, ») periodically.

For1 <j<3letfi(8+i)=fi@t+i+2)=fBt+i+4) =f8t+i+6)=2t+ifor0<t<landi=0,1,and
filn + 8+ 1)s) = fi(n) for all n, s € Z. Since each V[(}) = {81+ 1)s+8t+i+2r|sez, rel0,3]}induces a forest by
Lemma 2.2, f; is a tree coloring (see Fig. 3) and thus va(G(Dn2)) < 2[g1 = [T"T“] + 1.

Ford <j<6,leth8t+i) =HB8t+i+2) =HBt+i+4) =f,HBt+i+6)=2t+ifor0 <t<land0 <i <1,
LBU+1) =H@81I+1)+1) =£80+1)+2) =2(+1)and fL(n+ 81+ 1) + 3) = fo(n) for all n € Z. Since each of
VP ={BU+1)+3)s+8t+i+2r|sez rel0,3and V] = (8U+1)+3)s+8(+ 1) +r|seZ,r e [0,2]) induces a
forest by Lemma 2.2, f, is a tree coloring and thus va(G(Dp2)) < 2[5 1+ 1, or va(G(Dy, 2)) < [’"7“1 + 1 for m = 81+ j with
4<j<6.

For7 <j<8,letfs(8t+i) =f38t+i+2)=f8t+i+4) =f(8t+i+6)=2t+iforO<t<I+1and0<i<1,and
f3(8(14+2)s+n) = f3(n) foralln, s € Z.Since each Vﬁ’) = {8(14+2)s+8t+i+2r | s € Z, r € [0, 3]} induces a forest by Lemma 2.2,
f3 is a tree coloring and thus va(G(Dp2)) < 2([g1+ 1) = [§1+ 2 forj =7 and va(G(Dn2)) < 2([51+ 1) = [”‘T“] + 1 for
j=38.

Hence, the upper bound is confirmed.
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Fig. 3. Tree (!’mTH] + 1)-coloring form = 81+ j(1 <j < 3).

Next, we show the lower bound

1
va(G(Dm,2)) > {%—‘ +1 form=4q+j>6.

First, we claim va(G(Dp2)) > [™] + 1 form = 4q > 8.

Assume, to the contrary, that va(G(Dy, 2)) < [mT“] =[%1+1=gq+ 1,then G(Dy>) has a tree (¢ + 1)—coloring f. Let H
be a subgraph induced by vertex subset [0, m + 4]. Then f is also a tree coloring of H. Note that |V(H)| = m + 5. There exist
at least five vertices in H,say 0 < ap < a1 < --- < ag < m + 4, receiving the same color a.

Claim 1. (1)Ifag +2 <a; <a; <a3—2andaz —ap < m+ 3,thena; =ap+2o0ra; =az —2;(2)ifaz —ag <m+1,
then at least two equalities in {a;;.; — a; = 2 | i € [0, 2]} hold; moreover, if a3 — aqp = m + 1, then exactly two equalities in
{ais1 —a; =2 i€[0,2]} hold; (3)ifas —ap < m, thena;,; —a; = 2 foralli € [0, 2].

(1) Otherwise, ifaz —ag < m+3butag+3 <a; <ay <az3—3,then3 < a3 —a; < a3— (ap+3) < mand thus a;as € E(H).
Similarly, apay, apay, a;as € E(H) and thus ag, a4, az, a3 induce a 4-cycle, a contradiction.

(2)If aj 1 — a; # 2 for eachi € [0, 2], then apay, aia;, ayas € E(H). Thus apa,, ajas & E(H), i.e, a; — ap = a3 — a; = 2, and
it implies that a3 — ap = 3 and apas € E(H). Hence ao, a1, a2, a3 induce a 4-cycle, a contradiction.

Suppose that only one equality in {a;;1 —a; = 2 | i € [0, 2]} holds. If a; — ap = 2, thena, — a; # 2,a3 —a; # 2 and
aaz, azas € E(H). Moreover, a3 — a; = (a3 — ap) — (a1 — ap) < m — 1 and then aya3 € E(H), thus a4, a;, a3 induce a triangle;
similarly, if a3 — a; = 2, then ay, ay, a; induce a triangle; if a, — a; = 2, then ag, a1, as, a; induce a 4-cycle. Hence at least
two equalities hold.

Moreover, suppose az — ag = m + 1. If all three equalities hold, then a3 — ap = 6 = m+ 1 which contradicts m > 8. Hence
exactly two equalities in {a;, ;1 —a; = 2 | i € [0, 2]} hold.

(3) From (2), at least two equalities in {a;.1 —a; = 2 | i € [0, 2]} hold. Without loss of generality, say a3 —a; = a; —ap = 2,
then agas, apaz, ayas € E(H), so aya; &€ E(H), thatis, a; — a; = 2.

Claim 2. min{as — ag, a4 — a1} > m.

We need only to show that a3 — a9 > m and a4 — a; > m. Assume, to the contrary, that a3 — ap < m, then
a3 = a; + 2 = a; + 4 = ap + 6 by Claim 1(3), and thus there is a (a3, a3)-path in H. By taking b; = a;.1 (i = 1,2, 3) in
Lemma 3.1(1), we haveag > a, + (m+ 1) = ag+ (m+5) > m+ 5, 0or ag = a3 + 2 and thus ag, ay, a4, a;, az induce a 5-cycle,
a contradiction. Similarly, we can show that ay — a; > m.

As a consequence of Claim 2, the range of some ¢;'s location on the integer axis can be determined, e.g.,, 0 < q <
a3 —(m+1) <2oraqy € [0,2,m+1<ag+(mM+1) <a3 <m+3oras € [m+ 1, m+ 3] and similarly a; € [1, 3],
asq € [m + 2, m + 4]. The following claim further restricts the range of their locations.

Claim 3.(1)ag € {0, 1}, a3 € {m+3,m+4}; (2) ay — ag, ag — a3 € {1, 2}; (3)ifay = m+ 3, then gg = 0.

(1) Suppose ap = 2,thena; = 3,a3 = m+ 3 and a4 = m + 4 by Claim 2. Since aja; € E(H),a; = 50orm + 1 by
taking b; = a; (i = 1, 2, 3) in Lemma 3.1(2), then apas, a;a4 € E(H), and thus ag, a1, az, as, a4 form a 5-cycle, a contradiction.
Similarly, a4 € {m + 3, m + 4}.

(2)By Claim 2,a; —ag € [1, 3].Ifa; —ag = 3,thenag = 0, a; = 3 and thus a; = m+ 4. Since a3 € [m+ 1, m + 3], we have
ajaz € E(H).Henceay; = a;—2 =50ra; =a3—2 € [m—1, m+ 1] by Lemma 3.1(2), and aya4 € E(H). Since either a;a, € E(H)
or apas € E(H), there is always a (a3, a4)-path and so we have asay & E(H), i.e., a3 = a4 — 2 = m + 2. Hence qy, a4, a; induce
a triangle when a, = m and ay, ay, as, a; induce a 4-cycle when a, = 5, a contradiction. Similarly, a4 — a3 € {1, 2}.

(3)Ifag = m + 3, then a; < 2 by Claim 2. If aqy = 1, then a; = 2 and a3 = m + 2. Since agpa; € E(H), a; = 3 or 4 by taking
bi=a;_1 (i=1, 2, 3) in Lemma 3.1(3) and so a5, as3, a4 induce a triangle, a contradiction. We conclude ay = 0.

Claim 4. There are at most five vertices receiving the color « in H.

Suppose, to the contrary, that the color « is used on six vertices0 < ap < a; < --- < as < m+4inH. By Claim 2, it yields
as—ap; > m,a4—a; > mandas—ag > m,andsoasz € {m+1, m+2},a4 € {m+2, m+3},as € {m+3, m+4},a9 € {0, 1}, a; €
{1, 2} and a; € {2, 3}. Moreover, ayas € E(H) since 6 < a3 —a; < m. By Lemma 3.1(3), then a; = 1 (otherwise, if a; = 2, then
aaz, aias € E(H) and ayq, ay, as induce a triangle) and a3 = m + 2 (otherwise, if a3 = m + 1, then a;a3 € E(H) and a; = 3, so
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aop, a1, as, a; induce a 4-cycle). Hence, ay = 0, a4 = m+3,as = m+4 and apay, a4as, asaq € E(H). We also see a, = 2 by taking
bi = a;y1 (i=1, 2, 3) in Lemma 3.1(3). For the remaining m — 1 vertices 3, 4, ..., m+ 1in H, there are g — 1 colors in which
each color B induces an F-type set Vg, (v > 3) plus one more color y is used on three vertices 3 < hy < hy < hs <m+ 1.
Sincem+5m+6m+7 ¢ V,UVg(v>3),wehavem+5m+6m+7ecV,thenhs < (m+6)—(m+1) =5by
taking by = h3, b, = m+5,b3 = m+ 6 in Lemma 3.1(3). Thus 3 < hy < h3 — 2 < 3, that is, h; = 3. As a result, each color
B induces an F-type set Vg, with v > 4, and thenm + 8 ¢ V, U V,. So m + 8 € V,,, but m + 8 induces a 4-cycle along with
m+5, m+ 6, m+ 7, acontradiction.

Claim 5. Except «, any other color is used on exactly four vertices in H.

By Claim 4, each color is used on at most five vertices. To see this claim, we only need to show that there exists no other
color, except «, used on five vertices in H.

Assume, to the contrary, that there exists a color «’(# «) used on five vertices 0 < ¢y < ¢ < --- < ¢4 < m+ 4. By Claim
3,a0,c0 € {0,1},a1,c1 € {2,3},a3,¢c3 € {m+ 1, m+ 2} and aq, ¢4 € {m + 3, m + 4}. Without loss of generality, assume that
ag=0,thencg =1,a1 =2,c;=3,a3=m+1,c3 =m+2,a4 = m+ 3 and ¢, = m + 4 by Claim 3. Since ayas, cic3 € E(H),
we have a; € {4,m — 1} and ¢; € {5, m} by Lemma 3.1(2). Hence R = [0, m + 4] \ {a;,¢; | 0 < i < 4} = [4, m] \ {az, c2}. By
Claim 2, there is no other color used on five vertices in R. Thus there are g — 1 colors in which each is used on a F-type set
Vg, (v > 4) except a color y is used on three vertices 4 < h; < hy < hs < m in R. Since there always exists an (a,, az)-path
and a (c;, c3)-path, weseem+6,m+7, m+8 € V,,m+5 m+7, m+8 ¢ Vy,andm+5,m+6, m+7, m+8 ¢ Vg, (v > 4) by
Lemma 3.1(1) and Lemma 3.3. Hence m+7, m+8 € V,, and h; < 7 by taking b; = h3, b, = m+7, b3 = m+8 in Lemma 3.1(3).
It follows that {4, 5} N {hy, hy, h3} # @, i.e., ay # 4 or ¢c; # 5. Since a; # 4 implies m + 5 ¢ V,, (otherwise, if m + 5 € V,, then
ai, as, m+ 5, a; induce a 4-cycle), and ¢; # 5 and a; = 4 implies m + 6 ¢ V,, (otherwise, c1, c3, m + 6, c; induce a 4-cycle),
we have {m + 5, m + 6} N V,, # ¢. So there exists either an (m + 5, m 4+ 7)-path or an (m 4+ 6, m 4+ 7)-path in (V,). Hence
hy <m+7—(m+1) = 6 byLemma 3.1(3), and then hy = 4, h, = 5,m+5, m+6 € V, and verticesm+5, m+6, m+7, m+8
induce a 4-cycle in (V,), a contradiction.

By Claim 3, if a4 = m + 3, we have qy = 0. Then, by Lemma 3.2, the subgraph H' induced by vertices [—m — 4, 0] also
has a tree (q + 1)-coloring. That is, Claims 1-2 and Claims 4-5 still hold in H'. Thus, if we can get a contradiction in H for
a4 = m+4, then there is a contradiction in H' for ayp = 0 similarly. Therefore, we only need to consider the case of a; = m+4.

Leta; = A\ {a;, g;}, where {a;, a;} C A, g; # g; and |A| = 3. We can define g; and @, similarly.

In the following, we denote [0, m + 4] \ {a;, 0 < i < 4} by R, and will derive a contradiction to a4 = m + 4. By Claim 3,
as € {m+ 3, m + 2}, thus there are only two cases to consider.

Casel.a3 =m+ 3.

Then asay € E(H) and a; € {2, 3, m+ 1, m + 2} by Lemma 3.1(3).

Ifa, € {m+ 1, m + 2}, then either ay,a3 € E(H) or ayaq € E(H). So there exists an (a,, a3)-path in (V,) and then a; < 2
by Lemma 3.1(3). Hence R = {ap} U [3, m] U {a,}, where ap; = {0, 1,2} \ {ap, a1} and a, = {m + 1,m + 2} \ {ay}. Let y
color gy = hy < hy < h3 < hy < @, then any other color must induce an F-type set Vg, (v > 3) in R. By Lemma 3.3,
m+5,m+6 ¢V,UVg, (v=>3)(since m+ 5 induces a cycle along with a4 and an (ay, az)-path, and m + 6 induces another
cycle along with an (az, a3)-path), m+5, m+6 € V,.. Thus hy < 5 by Lemma 3.1(3), but we always have hy > Go; +6 > 6 by
Claim 1(3), a contradiction. Therefore a; € {2, 3} and R = {ap12}U[4, m+2], where ap1; = {0, 1, 2, 3}\ {ao, a1, az}. Let y’ color
do12 = U1 < Uy < Uz < us < m+2,thenany other color must induce an F-type setinR. Since m+7, m+8 ¢ V,UVg, (v > 4),we
have m+7, m+8 € V,,. By Claim 1(3), if do12 € {0, 1}, thenuy € {m+1, m+2}; andif ap12 € {2, 3}, thenuy = ap12+6 € {8, 9}.
In either case, uy, m + 7, m + 8 form a triangle, a contradiction.

Case2.a3 =m+ 2.

For a; = 1 (and so ap = 0), let H' be the subgraph induced by vertices [-m — 3, 1], then, by Lemma 3.2, we can
obtain a contradiction in H' similar to the case a3 = m + 3 and ay = m + 4 in H. Thus a; € {2, 3}, aja3 € E(H), and
a, € {a; + 2, m} by Lemma 3.1(2). Moreover, apa; € E(H) and either aja, € E(H) or a;as € E(H). So there exists an (ag, a)-
path and thus apa; ¢ E(H), i.e.,a; = ap + 2 and a, € {4, 5, m}. Since a,a4 € E(H) and there exists an (as, ag)-path in (V,),
m+5m+7,m+8 m+9¢V,andR = {ap, ap + 2} U [4, m+ 1]U {m + 3} \ {az}, where ay = {0, 1} \ {ao}. Let y color four
vertices agp = hy < hp < h3 < hy <m+3inR.

Subcase 2.1. hy — h; < m.

In this case, any color, except «, is used on an F-type set Vg, which satisfies v = ag orv > 4.1f a = m, then
m+5m+6,m+7,m+8 ¢ V,UVg (v>4),and thusm+5,m+6,m+ 7, m+ 8 belong to V,, and induce a 4-cycle,
a contradiction. If a, # m, then a, € {4, 5}. Since ap + 4 < {4, 5}, we have {4, 5} C V,, UV,.. Then any other color 8 induces an
F-type set Vg, withv > 6.Sincem+5,m+8,m+9 ¢ V, U Vg, (v > 6), m+ 5, m+ 8, m+ 9 belong to V, and form a triangle,
a contradiction.

Subcase 2.2. hy — hy > m+ 1.

If hy = m+ 1, then ap = 0 and thus there exists a color, say Y/, used on 2 and m + 3 (otherwise, m + 1 and m + 3 receive
the same color by Claim 1(3)).Let y’ color2 =g, < g, < g3 < g4 = m+3.ByClaim 1(2),h, = m—3,h3 =m—1,g, = 4and
g3 =6.Sincem+5,m+8, m+9 ¢ V,UVg (v>5)andm+5 ¢ V,, wehavem+5 € V,,,m+8 € V,,and thenm+9 € V, UV,
but it induces a triangle along with vertices hy, m + 8, or a 4-cycle along with vertices g4, g3, m + 5, a contradiction.

Thus hy = m+ 3,and h, = hy +2 = @y + 2 or h3 = m + 1 by Claim 1(1). If hy = ap + 2, then, for any other color 8, the
F-type set Vg, satisfiesv > 4. Sincem+7, m+8 & V, UVg (v > 4), m+ 7, m+ 8 belong to V, and form a triangle with m + 3,
a contradiction. If h3 = m + 1and h, > do + 2, then, for any other color B, the F-type set Vg, hasv =Gy + 2 orv > 4. Let y/
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color dp + 2. As there exists an (hs, hs)-path when h; # m — 1 and an (hy, hg)-path whenh, =m — 1, we have m+ 7 ¢ V,,.
Note thatm+5,m+7,m+8 ¢V, UVg (v>4)andm+5 ¢ V,,, we havem+5 € V,and m+7 € V,/, and then either m 4 8
belongs to V), and induces a triangle along with vertices h3 = m + 1 and m + 5, or m + 8 belongs to V;, and induces a triangle
along with vertices m + 7 and ap + 8, a contradiction again.

After all, we have shown that va(G(D,2)) > [mT“] + 1form =4q > 8.

Next, for m = 4q +j > 8 with 0 < j < 3, we see va(G(Dm,2)) > va(G(Daq2)) > [@] +1= f’”T*W + 1.

For m = 6, let G; be the subgraph induced by vertices [0, 8]. If va(G(Ds 2)) = 2, then G(Dg ») has a tree 2-coloring f
which is also a tree coloring of G;. Note that |V(G;)| = 9. There are at least five vertices,say0 < ap < a; < --- < aq4 < 8,
receiving the same color «.. Then Claims 1-2 hold. Soag = 0,a; = 1, a3 = 7 and ay = 8.1f a; > 2, then agay, apa, € E(Gy), SO
aia; € E(Gy), i.e.,, a; = 3. Hence, ay, a3, a4 induce a triangle, a contradiction. If a; = 2, then a5, a3, a4 induce a triangle, too.
Therefore, va(G(Dg2)) > 3, and then va(G(D7,)) > va(G(Dg2)) > 3 = [%] + 1.

Therefore, the lower bound is confirmed. O

Now we present an algorithm for finding a tree coloring of the integer distance graph G(Dp, 2).
If m < 5, then assign r = x (mod2) € [0, 1] to each vertex x and obtain a tree coloring of G(Dy,2). For m > 6, let
m=8l+j>6with0 <j<S8.

Algorithm. A(m, 2).1f0 < j < 3,then go to Al; if4 <j < 6, then go to A2; if 7 < j < 8, then go to A3. Repeat the process
until each vertex is colored.

A1l: For any vertex x, if x can be writtenasx = 8t+2s+rfor0 <t < I, s € [0, 3]and r € [0, 1], then we define f(x) = 2t+r;
otherwise, x can be written as x = 8(I + 1)n + x’ for some 0 < ¥’ < 8(I+ 1) and n € Z, and then we define f(x) = f(x').

A2:Letu = 8(1+ 1) + 3. For any vertex x, if x can be writtenasx = 8t +2s+rfor0 <t <[, s € [0,3]and r € [0, 1],
then we define f(x) = 2t + r; ifx € [u — 3, u — 1], then we define f(x) = 2(I + 1); if x ¢ [0, u — 1], then x can be written as
x=un+ x forsome0 < x' <u— 1andn € Z, and we define f(x) = f(x').

A3: For any verteX x, if x can be writtenasx = 8t +2s+rfor0 <t <1+ 1,s € [0,3] and r € [0, 1], then we define
f(x) = 2t + r. Otherwise, then x can be expressed as x = 8(I + 2)n + x' for some 0 < x' < 8(I + 2) and n € Z, and we define

f&) =f(x).
4. Vertex arboricity of G (D,,x)

In the last section, we investigate vertex arboricity of G(Dy, ) for k > 3.

Suppose m < k + L%J — 1. Since vertices [0, k — 1] induce a complete subgraph of order k, va(G(Dyx)) > [%1. We
define a tree coloring f: f(kl + i) = i (mod [%1) forl € Zand 0 < i < k, thatis, forevery0 < i < L%J — 1, the vertices in
Vi ={..., 0, [514i, k+i, k+[ 5141, 2k+i, - - -} receive a color i. Obviously V; induces a forest, as 2k+i— ([51+i) = k+[%| > m.
Ifkis odd, then Vy—_1y0 = {..., (k—1)/2,k+ (k—1)/2, 2k+ (k—1)/2, - - -} is an independent set. So f is a tree f%}—coloring,
i.e., va(G(Dm)) < [%7. Therefore, va(G(Dm,)) = 1.

Suppose k + L%J < m < 2k — 1. By Lemma 2.1, va(G(Dnx)) < [5]. Let H be a subgraph of G(Dy, x) induced by vertices
[0, m], then H is a complete k-partite graph K(2, ..., 2, 1, ..., 1} with k-partite Xo = {0, k}, X1 = {1, k+ 1}, ..., X = {m—
k,m}, X1 = {m—k+1}, ..., Xk_1 = {k— 1}. Itis obvious that any four vertices of H induce a cycle, and any three vertices,
which are contained in three partite respectively, induce a triangle. So va(H) = 2k—m— 1+ [27=H=@=1om ] — [milq gince
0<2k—m—1=(k—1)—(m—k) < [5] < (m—k)+1 < k.Therefore, va(G(Dm)) > va(H) = [ ] for2k—1>m > k+[£].

If 2k < m < 3k, then va(G(Dm)) < k by Lemma 2.1. Let X; = {0,k, 2k}, X; = {1,k+ 1,2k + 1},.... X, 5, =
{m—2k,m—k,m}, X 5. ={m—-2k+1,m—-k+1},...,X,_; ={k—1,2k— 1}, then X, UX; U--- UX,_; = [0,m]
induces a supergraph H’' of a complete k-partite graph K(3, 3, ..., 3, 2, ..., 2). It is clear that any four vertices of H induce
acycle and each X! (0 < i < m — 2k) requires a color. Hence, va(H') = (m — 2k) + 1+ fZW] = [’”T“} and then
va(G(Dp k) > [mT“l.That is, ['”T“] <va(G(Dp ) < korva(G(Dpy)) = k for 3k — 3 <m < 3k.

To summarize the above discussion, we have the following theorem:

Theorem 4.1. For k < m < 3k, the vertex arboricity of G(Dp, ) is

(1) va(G(Dp i) = [51 form < k+ [5] — 1;

(2) 1™ < va(G(Dm) < 51 fork+ 5] <m <2k —1;

(3) [’”T“} < va(G(Dp k) < kfor 2k < m < 3k. In particular, va(G(Dy, ) = k for 3k — 3 < m < 3k.

Next, we consider m > 3k and will need the following from [1] as a lemma.

Lemma 4.1. Suppose m > 2k. Write m + k+ 1 = 2'm’ and k = 2°k’, where r and s are non-negative integers and m’ and k' are
odd integers. Then

m+k+1
2
[m+k+2
2

ifr>s;
X(G(Dm i) =
-‘ otherwise.
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Fig.4. Atree coloring form = 4kl4j > 3k > 9,k <j < 2kand 0 < n < 4k(l + 1) in G(Dyy i) (k > 3).

Theorem 4.2. Let m = 4kl +j > 3k > 9 with 0 < j < 4k, then [™2+1] < va(G(Dm ) < k[ZE25E1]. Moreover,

I<(LEJ n 1), for0 <j < 2k,
4k
j—2k+1
{%WH{%] for2k <j < 3k,
va(G(Dm 1)) < m K K
{@—‘k—kh—‘, for3k5j<3k+{ﬂ—],
m k )
([@] + l) k, for 3k + LEJ —1<j<4k.

Proof. To show the upper bound, we construct a tree coloring of G(D,, x) periodically as follows.

For0 <j < 2kand 0 < n < 4k(l+ 1), let fi(x) = i + kt for x — (i + 4kt) € {0, k, 2k, 3k},0 <i < kand O <t < [; and
fi(x + 4ks(I + 1)) = fi(x) for any s € Z. By Lemma 2.2, each of V;; = {4k(I+ 1)s + 4kt + i+ kr | s € Z, r € [0, 3]} induces a
forest and thus f; is a tree coloring (see Fig. 4). S0 va(G(Dm,)) < (I+ Dk = (L5 ] + 1k = k[ 2+,

If 2k <j < 3k, let

i+ kt forx — (4kt +1i) € {0, k, 2k, 3k}, 0 <i< k,0<t <],
n—4k(+ 1)
2
and other vertices be colored periodically. By Lemma 2.2, all vertex subsets V/ ; = {(m+2k+-1)s+4kt+i+kr | s € Z, r € [0, 3]}
and Vi, )., = {(m+2k+ 1)s+4k(I+ 1) + 2u+r | s € Z, r € [0, 1]} (where 0 < u < [=3*1] — 1) induce forests and then
f» is a tree coloring. S0 va(G(Dp ) < [R7k 4 [MEZAEEDE ] — [y g 2l o jrmebidy
If3k <j < 3k+[%],for0 <x <m+2klet

LX) =

k(1+1)+[ J for 4k(l+ 1) < x < m+ 2k,

i+ kt for x — (4kt +1i) € {0, k, 2k, 3k}, 0 <i<k,0<t <],
X) = k k
L® k(l+1)+i forx—i—4k(I+1) =0, [ﬂ,k, 0<i< [ﬂ

and other vertices be colored periodically. By Lemma 2.2, all vertex subsets V,; = {(4k(I+ 1) + k+ [g] )s+4kt+i+kr|se
Z, r €10, 31} and Vir1yu = {(4k(I+ 1) + k+ [EDs+4k(I+ 1) +u+r|s € Z, r € {0, [5], k}} (Where 0 < u < [47]) induce
forests and thus f; is a tree coloring. So va(G(Dmx)) < [J7k + [5] < k[mi2ktly,

If 3k + L%J <j <4k for0 < x < 4k(1+2),let f4(x) = i+ktf01‘x—(i+4ktA) € {0, k,2k,3k},0 <i<kand0 <t <I[+1;and
fa(x + 4ks(1+ 2)) = fa(x) for each s € Z. By Lemma 2.2, each vertex subset V;; = {4k(I+2)s + 4kt +i+kr | s € Z, r € [0, 3]}
induces a forest and then f4 is a tree coloring. So va(G(Dp k) < (I+2)k = ([ 1+ Dk = kf%,’:“}.

Next, we consider the lower bound. Let n = [%"“] —-1= [%"‘31. Assume, to the contrary, that va(G(Dm)) < n. Then
X(G(Dmy)) < 2n < [™H+17], a contradiction to Lemma 4.1.

Therefore, va(G(Dp)) > [ O

We present the following remarks as a conclusion of this paper.

Remarks. 1. In Theorem 3.1, the only undetermined value is va(G(Dsq47,2)). Between the two possible values, we believe
that the correct value should be [71 + 2.
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2.Let Dy ks = [1, m]\ {k, 2k, ..., sk}. Some evidence suggests:
m4+s+2
G(D = —
(G010 = | "5 |

for any positive integer s.
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